RESEARCH SGMMARY
This paper presents a mathematical formulation of the construction of a containment perimeter for a wildland fire. The formulation permits the calculation of total burned area, final perimeter, and containment time, if the rate of growth of the fire can be specified as a function of time and position. Using a simple but flexible fire shape function, numerical results are given, showing the influence of the rate of spread in the front, flank, and back directions expressed in ratio to the rate of control line construction. These results may be useful in presuppression planning and effectiveness analyses. This paper is the result of collaborative effort carried out as part of theU, S. /U. S 
INTRODUCTION
In the process of planning and evaluating forest fire control activities, it is often desirable to have available quantitative expressions relating the effort expended in fire suppression and the results to be expected under various conditions.
It is the purpose of this paper to introduce a mathematical method for the analysis of fire suppression (or fire containment! activity which can be used to derive such relationships. We show, by example, how the method can be applied to determine the burned area and the time required for suppression, using a simple but flexible expression for the shape of the fire.
In addition, we explore the sensitivity of the burned area and the time required for suppression to the following factors: (]] The size of the fire at the start of suppression.
(2)
The rate of spread of the fire in the front, flank, and back directions, and a parameter describing the shape of the fire. The rate of suppression (or rate of control line construction). (4) The tactics employed.
In the following section we introduce the basic concepts of and the limitations on the method of analysis and present the general analytical forms.
In subsequent sections we introduce simplifying assumptions, present examples, and extend the analysis to the situations requiring a change of tactics to stop a rapidly spreading head fire.
BASIC CONCEPTS AND LIMITATIONS OF METHODS
We seek to describe analyt ical 1>' tlie rate and direction of progress of a firesuppression force as a function of the shape and rate of growth of a fire.
For this purpose, we assume that the work proceeds, if ])ossible, at tlie edge of tlie fire.
It is not important wliethcr the effort is directed toward extinguishing tlie flames (direct suppression in U.S. fire control tcrminolog)') , or toward construction of a barrier across which the fire will not spread.
Tlic matliemat ical description of the rate of containment is the same.
But it is necessary to restrict our attention to fires which do not spread by spotting and whicli have a perimeter tliat is a smooth curve.
If the fire meets the conditions described and the work of sup]iress i on (or containment) proceeds at tlie fire edge, it is possible to determine the boundary of burned area and the time that the work will retjuirc, if the jiosition of the fire edge can be expressed analytically as a function of position and time.
1
Employing polar coordinates, let r(e, t) be the distance from the point of ignition to the edge of the fire at time t and in the direction given by the angle 6 (measured from an arbitrary fixed direction).
Here we insist that r(9, t) be single valued, possess a positive time derivative, and be dif ferentiable with respect to 9 .
If the rate of progress of a fire-suppression crew, working at the edge of the fire, can be expressed as A (6, t) , then we can write the equations for the generation of the final boundary, R (9 Referring to figure 1, assume a differential element dt of time to elapse. During this time the crew will construct an element Adt of the final boundary.
In order to remain in contact with the advancing edge of the fire, this element of the boundary curve must be constructed at an angle a (measured counterclockwise) with respect to the direction 9. We can write the formulae for the components of the arc Adt in the tangential and radial directions from inspection: de = (Adt) sin a/r(e,t)
(1) dR (Adt) cos a = r(9 + de,t + dt) -r(9,t) = |^d 9 + |j dt (2) The last four equations can be used to model the final boundary, taking into consideration the limitations mentioned above.
Note that the condition required for eventual completion of the boundary is that the expression under the radical (equations 4 and 5] should be nonnegative, or
The right hand side of inequality 8 is the rate of advance of the edge of the fire in the direction perpendicular to the boundary, so the requirement is intuitively obvious.
So long as inequality 8 is maintained the crew can make progress in containing the fire.
To gain further insight into the relative importance of the various factors outlined above, we introduce simplifying assumptions which permit closed form solutions of equations 6 and 7 and make possible numerical examples.
First, we assume that the shape of the free-burning fire can be expressed analytically and that the form of the fire is invariant.
That is, the boundary of the fire simply expands linearly with time, and, similar to the enlargement of a photograph, maintains its shape.
Tliis assumption implies that tlie fire is fully developed and is burning in continuous, homogeneous fuel on flat terrain or gentle slopes, and that the wind does not change speed or direction.
Such idealized conditions never occur exactly, but many fires approximately satisfy these conditions at least for short periods of time.
Since we assume that the fire boundary grows linearly with time, the shape of the fire, expressed in polar coordinates, is the same as the distribution of radial rates of We establish the reference direction (9 = o) to be in the direction of the maximum rate of spread, and express the radial rate of spread as: r(e) + (v^-v^) Figure 2 displays some of the shapes generated by this formula; in the figure all shapes are normalized by the maximum dimension (that is, r(9)/V is plotted). Throughout the rest of this paper we will employ dimensionless forms for all parameters and results. Table 1 gives values for the perimeter length and the area of various fire shapes generated using equation 9. In this table the perimeter length is normalized by r(0) and the area by r^(o), where r(0) is the distance from the point of origin to the head (or front) of the fire.
These values may be used to compare sensitivities in absolute terms, because later results will be given in terms of the initial fire perimeter length and initial fire area.
The second simplifying assumption we make is that the fire is to be suppressed (or contained) through the work of two crev;s which divide the effort equally. This assumption not only introduces the simplification of mathematical symmetry, but reflects current practice both in the United States and the Soviet Union.
The advantage of this tactic is clear upon a little thought:
If the work of suppression proceeds in only one direction from the starting point, then when the crew completes its circuit around the fire edge, it will encounter the fire burning behind the original line of control near the starting point.
If the work proceeds in both directions from the starting point, then when the two teams meet on the opposite edge of the fire the containment will be complete.
The third assumption employed here is that the rate of progress by the suppression crew (A) is constant. This is a good approximation for machine-aided effort, but is clearly not a good approximation for work with handtools or backpack pumps (with the possible exception of the new Soviet technique of backfiring against a line of foam laid down using a backpack cannister) .
It would be a little more complex to assume that the rate of suppression is a simple function of the rate of advance of the fire edge perpendicular to the boundary (see inequality 8) which quantity is proportional to the fire intensity as defined by Byram (1959) .
For i7istance, one might argue that direct suppression will progress at a rate inversely proportional to the depth of the flaming zone.
This depth is, in turn, approximately proportional to the rate of advance of the fire edge (Albini 1976) .
For the purpose of exploring the sensitivity of burned area and time required for containment to various factors, however, it is sufficient to use a constant work rate.
Using these simplifying assumptions it is possible to write closed form expressions for the burned area and the time expended.
Dividing equation 7 by equation 6 and integrating we obtain the formula for the shape of the final boundary:
R(e) = R(e ) exp (/'^f(e') de') (lO) 9 In this equation the function to be integrated is
which is, under our assumptions, purely a function of the angle 0, since r (0) is given by equation 9 and rVr = (^r (e))/r(6) (12) Note that the value of R(Q) depends upon tb.e choice of the starting point, O^.
If tlie effort begins at tlie front edge of the fire on the line of symmetry, then 6=0; R(e ) r (0)
6 where r (D) is distance from the point of ignition to the front edge of the fire at the ?ime the suppression work begins. If, however, the work begins at the back edge of the fire, then In each sketchy, the upper half corresponds to attacking the head fire first and the lower half corresponds to attacking the same fire from the hack.
The fire shape parameters are given in each sketch (see equation 9) .
Ratio^/^^^is the rate of line construction divided by the forward rate of spread.
SENSITIVITY ANALYSIS
The functional forms derived above are admittedly complicated, but the evaluation of such expressions is relatively easy with the aid of modern digital computers. These equations were programed and evaluated on both the EC-1020 computer at the Leningrad Forestry Research Institute and the CDC-7600 at the Lawrence Berkeley Laboratory's computer facility on the campus of the University of California at Berkeley.
The results of these computations are displayed in tables 2. and 3. Table 2 gives values of the area burned divided by the area of the fire at the time suppression begins. Table 3 gives values of the time required to contain the fire (At) , multiplied by the rate of suppression (X), and divided by the perimeter of the fire at the time suppression starts.
Since the product X At is numerically equal to the length of perimeter of the burned area, the values in table 3 are also equal to the ratios of final perimeters to initial perimeters.
In terms of area burned (table 2) we can conclude that the tactic of suppressing the head fire first (tactic 2) is significantly superior (>50 percent) to suppressing the backing fire first only when the head fire spreads at approximately 3 times the rate of the backing fire and the rate of suppression is no more than 3 times the forward rate of spread.
For rates of suppression 5 times the head fire rate of spread or greater, neither fire shape nor tactics alter the burned area substantially.
For fires which show little directional difference in spread rate (Vp/V^<3) the choice of tactics is of little consequence unless X^^^^p"
The sensitivity of the burned area to the ratio of suppression rate to forward rate of spread (X/Vp) is less in the case of tactic 2 than in the case of tactic 1, for fixed fire shape parameters (V^/Vp , Vg/V^,n) .
Conversely, the sensitivity of the burned area to fire shape parameters for fixed values of X/V is much greater for tactic 2 than for tactic 1, but in either case the sensitivity to tne value of n is less than the sensitivity to V^/Vp. The latter parameter becomes increasingly important as X/Vp approaches one, for both tactics.
The statements made above also apply to the time required for containment (table 3) . In general, the time required for containment varies less than does the burned area, no matter which variable is considered.
Significant differences (>50 percent) between tactics appear only for fires for which the forward spread rate much exceeds the flanking rate (V^/V <0.4), except for the case when fire suppression is almost impossible 1 r (X/Vp = 1.5).
As in the case of burned area, the containment time is more sensitive to fire shape under tactic 2 than under tactic 1, but the converse is true for sensitivity to suppression rate for fixed fire shape.
It should be stressed that the area and perimeter ratios given in tables 2 and 3 are to their values at the time suppression begins.
In order to establish the values of burned area and containment time, these numbers must be multiplied by initial area (table 2) or by the ratio of initial perimeter length to rate of suppression ( is the flanking rate of spread and Vg the backing rate; n is another shape parameter (see fig. 1 Table 3 '~~'rime required to contain a fire for two suppression tactics and various fire shape factors. A/Vp is the ratio of suppression rate to forward rate of spread; is the flanking rate of spread and Vg is the backing rate; n is another shape parameter (see fig. l Since the initial fire area is equal to the square of r (0) multiplied by a shape factor (table 1) which decreases as the fire becomes more elongated in shape (V^/\'^, Vg/V^decreasing, n increasing) , one can assert that the initial fire area is of extreme importance in determining final burned area.
The time required for containment can be found in ratio to the idealized time elapsed from ignition to the beginning of suppression through the following relation- From this sensitivity analysis we can reinforce conventional wisdom with regard to tlie two most important factors in determining the burned area and time required for containment:
(1) minimize the time between ignition and start of suppression (At , and indirectly, r (0)); and (2) use tiie maximum available suppression force (A).
In addition we have estalolished a means of cjuantifying the influence of these factors for tlie purpose of assessing overall effectiveness of fire supjircssi on forces.
CHANGING TACTICS:
INDIRECT ATTACK ON RAPID HEAD FIRE
In the mathematical formulations above, a necessary condition for successful containment of a fire is that A>Vp, or that the rate of suppression must exceed the forward rate of spread of the fire.
But as every firefighter knows, this condition can be violated and yet the fire can be contained.
If the head fire is advancing too rapidly to be contained by suppression action at the edge of the fire, in many cases the firefighting team will construct a "fire break" or barrier ahead of the advancing fire to stop its forward progress.
Then working against the flanking fire either from the forward or the rear direction, the encirclement can be completed by work at the edge of the fire.
In figure 4 we sketch such an attack against a rapidly advancing head fire. The first step, shown in figure 4a, is to establish a barrier ahead of the fire, perpendicular to the direction of maximum rate of spread. When the fire reaches this barrier, as shown in figure 4b , work proceeds back toward the flanks of the fire.
When the crew meets the advancing edge of the fire, as shown in figure 4c, work can proceed at the edge of the fire from that point on around to the rear, since the perpendicular rate of fire spread at the point of meeting is less than the rate of suppression.
For the purpose of carrying out a mathematical analysis of this tactic, we idealize the situation as follows:
(1) Work proceeds symmetrically, by two crews, and the rate of line construction is everywhere the same (=A, as before). (2) At the instant the forward edge of the fire reaches the perpendicular barrier, the crews change direction of work and proceed in straight lines back toward the fire flanks (5) The direction chosen for the second straight segment of barrier line is such as to bring the crew into contact with the edge of the fire in a direction tangent to the instantaneous fire boundary.
Clearly there is a mathematical solution to the problem of choosing the best distance (a) ahead of the fire front, and likewise a best (probably curved) path to follow to bring the crews into contact with the edge of the fire.
Such a solution would be interesting as a mathematical problem, but of little practical significance. The idealization chosen is, hopefully, a compromise between mathematical perfection and realizable practice.
It should be noted that this idealization is not tied to any particular method of line construction (machine-aided hand line, hand line with back firing, machine construction, explosive construction, etc.)
The use of the tactic as described would be rare in the United States and is infrequent in the Soviet Union.
But, when conditions permit its use with due regard for crew safety, the reward in terms of burned area and time of control can be substantial in some cases.
As the procedure is outlined above, for any given set of fire shape parameters (V^/Vp, Vg/V^, and n) and given value of A/Vp, the final area and perimeter are completely determined by the choice of a value for the distance (a) ahead of the fire at which the initial barrier is constructed.
We normalize this distance by the initial distance from the point of ignition to the front of the fire, r (O) Clearly a best choice exists for the value a/ r io) .
If "a" is too small, the fire ' will reach the barriers very ciuickly, and contact with the edp.e of the fire will occur at a position near tlie line of symmetry; if tliis contact occurs where inequality 8 is violated, control will not be possible.
If "a" is too large, the initial barrier will be uiniecessari ly long and mucli time will be wasted before contact with the fire edge is made; indcad if "a" is sufficiently large, tlie second barrier will contact the edge of tlie fire at a point to the rear of the fire flank, resulting in much unnecessary burned area Table 4 . --Values of burned area/initial area and final perimeter 1 ength/ i n i t i a 1 perimeter length when the suppression tactic is to build barriers ahead of the fire as sketched in figure 4 . Also, tabulated is the first barrier distance ahead of the fire (a) divided by r^io) , the distance from the point of ignition to the head of the fire.
A is the rate of suppression, Vp the forward rate of spread, and the flanking rate; n is a fire shape parameter (see figure 2 For al 1 cases , V"/V,-= 0.5 14 Table 4 presents the results of repetitive calculations of burned area and final perimeter for several fire shapes and various ratios of the rate of suppression to the forward rate of spread.
Also shown in table 4 are the best values of a/r (o) for achieving the minimum burned area or the minimum containment time.
The value of a/r (o) which minimizes the burned area does not necessarily simultaneously minimize the°final perimeter length.
The striking feature of the entries in table 4 is the low values of burned area and perimeter length achievable using this tactic.
A comparison of tlie entries in table 2 and 3 with those in table 4 for the same conditions shows that this "indirect attack" tactic does not increase the burned area or extend the time of containment significantly when A/Vp <2, compared to the aggressive tactic of direct attack at tlie liead of the fire.
And for such low values of X/V^, this tactic is highly perferable to the tactic of approaching the fire from the back.
Figures 5 and 6 exhibit the sensitivity of burned area and final perimeter to the choice of first barrier location. The location of the first barrier to minimize burned area will result in a containment time not very different from the minimum value. Conversely, if the barrier is located to minimize containment time, very little area beyond the minimum will be burned. Figures 7 and 8 show graphically the sensitivity of the optimum barrier location to the rate of suppression and fire shaj^e.
The similarity of tlie curves in figures 5 and 7 and in figures 6 and 8 again illustrates that the criterion for optimization of the barrier location is not significant if the fire shape, suppression rate, and forward fire spread rate arc known. Such a choice would result in a burned area of no more tlian 5.5 times the initial area, and a final perimeter approximately 1.9 times the initial perimeter. However, if the value of tlie suppression rate had been overestimated by 10 percent or the forward rate of spread underestimated b\' a similar amount, we should refer to the curves labeled "0.9" in figures 5 and 6.
On these curves, any value of a/r {{)] less than 0.28 results in no solution.
In other words, any barrier location closer than the critical value of 0.28 r fO) from the forward edge of the fire will not allow sufficient time to the crew to achieve a "capture" condition when the work reaches the edge of the fire.
Because of this sensitivity and the severity of sucli an error, an "optimum" choice for the first barrier location is not of practical significance.
Some substantial "margin of safety" must be considered in the selection of the initial barrier location whenever A^V^, . For this reason, table 5 is presented, sliowing the burned area and perimeter ratio for the same conditions as in table 4, except that the initial barrier location is chosen to be twice the value which minimizes the burned area. This table, therefore, incorporates a "margin of safety" of 100 percent in the deviation from optimum.
A comparison of the values in tables 4 and 5 reveals that the "penalty" paid for this margin of safety is not severe in most cases. Table 5 -~"Va1ues of burned area/initial area and final perimeter 1 ength/ i n 1 1 i a 1 perimeter length when the suppression tactic is to build barriers ahead of the fire as sketched in figure h.
In this table, the barrier location, a, is chosen to be twice the value which minimizes the burned area using this tactic (see 
SUMMARY
We have established a mathematical formalism for the analysis of forest fire suppression that can be used for planning purposes. Through the use of results such as those presented in this paper, analyses of costs and effectiveness of fire-suppression organizations will be facilitated. The methodology is complicated enough that numerical evaluations are only possible using modern digital computers.
But basic results of broad applicability can be generated at modest expense so the investment appears to be worthwhi le
Extension of the present analysis to include the effect of a variable rate of suppression is straightforward.
Other tactics of fire suppression can also be studied using the basic formulation presented here. Such extensions may be the subject of future studies.
